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Modeling Size Effects in Nano-indentation of Polymers 
 
Conventional methods such as uniaxial tests used to determine mechanical properties are 
not feasible for those involving small volume of materials. As such, in recent years, 
material characterization using indentation techniques at the micron and submicron levels 
have gained popularity. It has been widely reported that when deformations are induced 
in the submicron level, the materials display strong size effects which alter the 
mechanical properties from their bulk characteristics. Classical plasticity theory is unable 
to account for this phenomenon. Strain gradient plasticity theory is proposed and it has 
been shown to successfully capture the size effects of various materials.  
 
 The present study adopts constitutive models for the viscoelastic-plastic deformation of 
glassy and epoxy polymers. These models are then implemented in the commercial 
general purpose finite element package ABAQUS, via user subroutines. It is 
demonstrated that strain gradient effects has to be considered into the adopted 
constitutive models in order to better describe the material response of glassy and epoxy 
polymers at submicron indentations. The study also covers the two approaches of 
deriving the values of effective strain gradient via indentation geometry and directly from 
finite element nodal displacement parameters. Comparison of results obtained from both 
approaches show good agreement with existing experimental values in all cases covered 
in the present study. The latter, as expected, provides slightly more accurate solutions as 
 vii
compared to the test results than the former but at a marginally higher computing time 
and resources.  
 
Keywords:  Size effects; Nano-indentation; Glassy polymers; Epoxy; Strain gradient 
plasticity; Finite element method
 viii
1. Introduction and Literature Review 
1.1. Introduction 
Traditionally, most investigations of material properties are carried out using 
conventional methods such as uniaxial tests. The advent of indentation techniques offers 
a new alternative to material characterization. It has gained popularity in the past decade, 
largely due to the improved capabilities of indentation instruments and the necessity to 
perform the tests on very small volume of materials such as those on thin film coatings, 
MEMS and NEMS. Numerical analyses are able to model the indentation experiments 
with reasonable accuracy and are used extensively to study the extraction of mechanical 
properties from indentation curves. Some examples using finite element simulations in 
material characterization are those by Ginnakopoulos and Suresh [1999] and Dao et al. 
[2001] who proposed forward and reverse analysis scheme and Swaddiwudhipong et al. 
[2005b] who suggested employing results from dual indenters to ensure unique solutions 
in material characterization.  
 
A group of materials that commands vast interest is the polymeric group. Polymers have 
been widely adopted to replace traditional materials such as metals and ceramics in 
various applications. The materials have been employed extensively in most industries 
especially those in optical-electronics, computing and chemical. They have also gained 
importance in biomaterials applications, where properties of materials are of primary 
concern to ensure no premature failure in the human’s body. The growing maturity of 
material characterization techniques using indentation experiments, coupled with the 
 1
rising importance of polymers in several small volume applications lead to a surge in 
interest in indentations of polymers, in particular, glassy polymers [Dahl et al. 1999; Lu 
et al. 2003]. Researchers have also employed indentation finite element simulations to 
investigate properties of glassy polymer [Larsson and Carlsson 1998; van Melick et al. 
2002 and 2003a]. Another group of polymeric materials gaining attention is the epoxy. In 
recent years, indentation techniques have been used increasingly for investigating 
material properties of epoxy in polymer form [Al-Haik et al. 2004; Yang et al. 2004] and 
as nanocomposites [Dutta et al. 2004; Li et al. 2004].  
 
Many reports have noted the display of size effects for deformations in the submicron 
range which cannot be explained by classical plasticity theory. The present study will 
investigate the behavior of glassy polymers and epoxy polymer in the micron and 
submicron level using finite element method to simulate indentation experiments.   
 
 
1.2. Literature Review 
1.2.1. Constitutive model for polymeric materials 
There are many finite element simulations of elastic-plastic materials such as metals and 
ceramics in literature. Numerical analyses of polymers are limited by comparison. This is 
due to the complications arising from the viscoelastic-plastic responses inherent in such 
time dependent materials. The mechanical properties are highly dependent on the strain 
and strain rate induced under different loading conditions. The classical approach is to 
limit the deformations of polymers so that they can be described using linear viscoelastic 
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constitutive laws [Graham 1965; Lee and Radok 1960]. However, the applicability of 
such small strain deformation models is limited. For example, a common usage of 
polymers is to enhance the impact resistance of materials by requiring them to undergo 
large deformations before failure. Linear viscoelastic model is clearly insufficient for 
such applications and the attention is shifted to providing a constitutive model capable of 
describing polymeric behavior in finite deformations.  
 
The mechanisms of inelastic deformation between metals and polymers are different even 
if they share similar macroscopic phenomena such as shear localization. Metals consist of 
crystalline grains and the inelastic deformations are due to dislocation motions. 
Deformation of polymers, on the other hand, depends on the molecular chain flexibility 
and entanglement [Argon 1973; van Melick et al. 2003b]. Polymeric responses are highly 
dependent on strain rate and temperature [Arruda et al. 1995]. Depending on the loading 
conditions, polymers can be brittle, viscoelastic or viscous. At very low strains, polymers 
exhibit linear viscoelasticity. As strain increases, nonlinear viscoelasticity sets in. The 
elastic modulus decreases and relaxation rate increases with increasing deformation. 
Before reaching the yield point, there is no permanent deformation upon unloading if 
given sufficient time for viscoelastic recovery. For glassy polymers, stress decreases with 
strain after the yield point is reached, a phenomenon known as strain softening. At high 




Various numerical models have since been proposed to describe the nonlinear 
viscoelastic-plastic responses [e.g. Arruda et al. 1995; Bardenhagen et al. 1997; Bucaille 
et al. 2002; Frank and Brockman 2001]. These models generally describe the strain rate 
dependence, stress relaxation and creep behavior of polymeric responses over a wide 
range of multiaxial loading conditions. For simplification, the models usually assume 
isotropic and isothermal conditions. The general trend is that for the models to capture 
the viscoelastic-plastic responses more adequately, a spectrum of relaxation times is used 
[Frank and Brockman 2001; Tervoort et al. 1996] to ensure a gradual transition from 
elastic to plastic region. This approach, though more accurate, introduces many material 
parameters which are difficult to obtain and also increases the computational resources 
required for the simulations. 
 
 
1.2.2. Size effects of crystalline materials 
Many researchers have reported the presence of strong size effects in crystalline materials 
for deformations at micron and submicron levels, where the material length scale is of the 
same order of magnitude as the characteristic length associated with non uniform plastic 
deformation. For example, when diameters of copper wires were reduced from 170 to 
12µm, the torsional resistance increased significantly while changes in the tensile 
strength were negligible [Fleck et al. 1994]. Similar phenomena are reported by Stolken 
and Evans [1998] and Haque and Saif [2003] in micro-bend tests. Size effects are also 
observed in submicron indentation tests [Ma and Clark 1995; Nix 1997; Stelmashenko et 
al. 1993].  
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Acharya and Bassani [1996] proposed a constitutive model incorporating gradient type 
non-local measures for rate independent plasticity through the instantaneous hardening 
moduli. Based on the balance laws in non-local theory, Cheng and Wang [2000, 2002] 
and Chen et al. [2004] adopted C0 finite elements with both translational and rotational 
nodal displacements. The numerical results of thin wire torsion, micro-bend tests and 
micro-indentation with size effects are identical to classical local theories [Eringen 1981, 
1983].  
 
Fleck and Hutchinson [1993] and Nix and Gao [1998] proposed a phenomenological 
theory of strain gradient plasticity based on the Taylor [1934] dislocation model. Gao et 
al. [1999], together with Huang et al. [2000], proposed a theory of mechanism based 
strain gradient (MSG) plasticity so as to construct meso-scale constitutive laws taking 
into account size effects. However, this approach introduced higher order stresses and 
involved additional governing equations and boundary conditions during formulation. 
Huang et al. [2004] recently developed a conventional theory of mechanism based strain 
gradient (CMSG) plasticity which did not involve the higher order stress. 
Swaddiwudhipong et al. [2005a] subsequently developed a family of C0 solid elements 
for materials with strain gradient effects based on CMSG plasticity theory which when 
applied to numerical analyses of a bar under constant body force and submicron 





1.2.3. Size effects of polymeric materials 
Compared to crystalline materials, there are limited indentation studies on polymeric 
materials at submicron level. This may be due to the time dependent mechanical 
properties of polymeric materials which complicate the testing procedures as well as the 
accuracy and interpretation of results. From the limited literature, however, there is a 
general trend that the hardness of polymeric materials increases with decreasing 
indentation depth. This phenomenon is observed near the surface of the polymeric 
materials. Above a certain threshold indentation depth, the hardness remains fairly 
constant [e.g. Balta Calleja et al. 2004; Beake and Leggett 2002; Briscoe et al. 1998; 
Dwyer-Joyce et al. 1998; Flores and Balta Calleja 1998]. An example of the depth 
























Figure 1.1 – Depth dependence of the hardness of PMMA [Balta Calleja et al. 2004] 
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Flores and Balta Calleja [1998] and Balta Calleja et al. [2004] proposed the phenomenon 
be explained by a non-negligible indenter tip defect. As a result, area of the indenter 
cannot be obtained using perfect pyramid geometry at small indentation depth. This 
indenter shape effect causes a change in the contact area-depth relation which must be 
corrected when deriving the hardness from the load displacement graphs.  
 
Briscoe et al. [1998] suggested that changes in physical and mechanical properties of the 
polymers due to aging as well as imperfections in indenter tip calibrations are probable 
causes for the trend. They also noted that the hardness of polymers such as PMMA 
increases with strain-rate and proposed a strain rate hardening effect. Thus, for load 
controlled indentation experiments where strain-rate decreases with increasing 
indentation depth, the hardness of such polymers decreases with depth. 
 
Lam and Chong [1999] adopted Argon’s [1973] polymer model which consisted of a 
random network of polymer chain molecules in their study on size effects of polymers. 
Under load, the local shear displacements were represented by formulation of kink pairs. 
An analogy was made between the dislocations in metals and kink bands in polymer to 
develop a strain gradient plasticity for glassy polymers which gave satisfactory results 
when compared with experimental data [Chong and Lam 1999]. The study on size effects 
was later extended to epoxy polymer which exhibit power law properties [Lam and 




1.3. Scope of  Investigation 
With the current interest in nano-indentations of polymers, it is surprising that numerical 
studies of such experiments are lacking. In this report, finite element method is used to 
simulate the indentation of polymeric materials. The behavior of materials at micron and 
submicron indentations is investigated. The first portion of the study is focused on glassy 
polymers. The viscoelastic-plastic constitutive model for glassy polymers by Govaert at 
el. [2000] is adopted in the analyses. Size effects are incorporated in the constitutive 
relations through the strain gradient plasticity proposed by Lam and Chong [1999]. Both 
approximate strain gradient expressions based on the geometry of the indenter and 
indentation depth employed by Lam and Chong [1999] and those derived and 
implemented in a finite element package by Swaddiwudhipong et al. [2005a] are 
employed in the study. The latter involves strain gradient expressions explicitly evaluated 
from the appropriate displacement shape functions. The two approaches of obtaining the 
effective strain gradient are compared and discussed.  
 
The second part of the study extends the investigation of size effects to another polymeric 
material, the epoxy polymer. The constitutive model for such polymer by Govaert et al. 
[2001] incorporating strain gradient plasticity proposed by Lam and Chong [2001] is 
adopted. The effective strain gradient value is explicitly evaluated from the appropriate 
displacement shape functions using the family of C0 solid elements developed by 





2.1. Constitutive models 
2.1.1. Constitutive model for glassy polymers 
The yield behavior of polymers under multiaxial state of stress based on Eyring equation 
[1936] was proposed by several researchers including Ward [1971] and Duckett et al. 
[1978]. Govaert et al. [2000] and Tervoort et al [1996, 1998] adopted the above approach 
together with the compressible Leonov model to propose the viscoelastic-plastic 
constitutive relation for glassy polymers. The Govaert’s constitutive model is adopted 
and incorporated in the user subroutine of finite element package ABAQUS [2002] which 
was employed in the analyses of the simulated indentation tests carried out in the present 
study. A description of this constitutive relation [Govaert et al. 2000] is summarized in 
this section.   
 
The total Cauchy stress σ  of the model is decomposed into a driving stress s and a 
hardening stress r: 
rsσ +=                                                         (2.1) 




~=                                                                       (2.2) 
with GR as the strain hardening modulus. This hardening stress is to account for the 




The driving stress s can be decomposed into hydrostatic sh and deviatoric sd components. 
d
e
dh GJK BIsss ~)1( +−=+=                                       (2.3) 







                            (2.5)                               
G is the shear modulus, K the bulk modulus,  the volume change factor, I  the unity 
tensor,  is the isochoric elastic left Cauchy-Green deformation tensor evolving 
according to its Jaumann derivative and  is the deviatoric component of the 
velocity strain tensor. The plastic deformation rate tensor  is related to the deviatoric 








µ and can be expressed in a 




sD =                                               (2.6) 
 
The softening behavior in the model is accounted for through the viscosityµ , which is 
made dependent on intrinsic strain softening parameterφ  proposed by Hassan et al. 








eqpAe −=                                   (2.7) 
Equivalent stress eqτ  is defined as: 
)(21 ddeq tr ss ⋅=τ                                                  (2.8) 
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The time constant A is expressed as an Arrhenius [1896] equation which is dependent on 
the activation energy  and absolute temperatureH∆ T . The characteristic stress 0τ  is 







=                                                              (2.9) 
V
RT=0τ                                                                        (2.10) 
where  is a constant pre-exponential factor and R is the gas constant. 0A
 
During plastic deformation, strain softening parameter φ  evolves to a saturation level ∞φ  





−=                                                      (2.11) 
)(2 ppp tr DD ⋅=γ&                                                       (2.12) 
with φ  = 0 initially, h is a material constant and pγ&  is the equivalent plastic strain rate. 
 
 
2.1.2. Constitutive model for epoxy polymer 
Epoxy polymer behaves similarly as glassy polymers. There is a gradual transition from 
the elastic to plastic region and strain hardening is observed after yielding. The distinct 
difference from glassy polymers is that strain softening effect is absent. An example of 

























Figure 2.1 – Uniaxial compression loading curve for epoxy [Xia et al. 2003] 
 
In their study on polymer composites, Govaert et al. [2001] modified their constitutive 
model for glassy polymers discussed in section 2.1.1 to propose a constitutive relation for 
epoxy polymer. Govaert’s constitutive model for epoxy polymer is adopted and 
incorporated in the user subroutine of finite element package ABAQUS [2002] in the 
present study. A brief summary of the constitutive model is presented in this section. 
 
The stress-strain constitutive relations are identical to those of glassy polymers as 
discussed earlier from Eqs. (2.1) to (2.6). The different material properties and the stress 
dependence of the yield behavior of epoxy polymer are reflected through the Eyring 





τµ &=                                                                     (2.13) 






τγγ peqeq e−= &&                                    (2.15) 
eqτ is the equivalent shear stress, eqγ& is the relation describing plastic flow deformation, p 
is the hydrostatic pressure, α is a pressure dependence parameter, 0γ&  is a pre-exponential 
factor and 0τ is the characteristic stress. 
 
 
2.2. Strain gradient plasticity 
2.2.1. Glassy polymers 
 
Fleck and Hutchinson [1993] and Nix and Gao [1998] proposed a phenomenological 
strain gradient plasticity law for crystalline materials based on Taylor [1934] dislocation 
model. Lam and Chong [1999] adopted the kink-pair model for polymers proposed by 
Argon [1973] and drew the analogy to the dislocation model during the yielding of 
polymers to develop a strain gradient plasticity for glassy polymers. The plasticity law 
was later compared with experimental data which gave satisfactory results [Chong and 
Lam 1999]. A discussion on the generalized strain gradient plasticity law for glassy 
polymers is summarized herein.  
 
 13
Assuming that von Mises yield criterion hardness is related to von Mises shear yield 
stress: 
VMH τ33=                                                                  (2.16) 
 
Polymer yielding is an activated process dependent on temperature and strain rate. The 
local shear displacements in polymers are represented by formulation of statistically 
stored and geometrically necessary kink pairs when subjected to load. The relation 








+−=                                      (2.17) 
where ψ  is a dimensionless constant, kSη and kGη  gives the number of statistically stored 
and geometrically necessary kinks respectively.  
 




kGkSGH ηηψ ++=                                  (2.18) 










Combining Eqs. (2.18) and (2.19) with simplification through Taylor’s series expansion 
























                                (2.20) 
where h is the indentation depth, h0  is a parameter depending on temperature and 
material, z* is the activated kink length of a kink pair, 0σ  is the yield stress at large 
indentation depth, a is the radius of a molecular chain and θ  is the indenter tip angle. 
 
Modulus for strain gradient plasticity in glassy polymer, M as defined in Eq. (2.21) can 






HM θ=                                                         (2.21)                               
 









σ                                                       (2.22) 







2.2.2. Epoxy polymer 
 
The study of size effects in glassy polymers was later extended to epoxy polymer which 
exhibits power law properties [Lam and Chong 2001].  A summary on the strain gradient 
plasticity law for epoxy is presented herein.  
 
The strain gradient plasticity for polymers is developed by Lam and Chong [1999] and is 
shown in Eq. (2.20). Lam and Chong [2001] demonstrated that for epoxy polymer, the 







−=                                          (2.23) 
where is the value at initial uniaxial flow stress0gM 0σ  and ψ  is a dimensionless 





σ =                                                                     (2.24) 
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2.3. Constitutive models with strain gradient plasticity 
As shown in section 2.2, the constitutive models for glassy polymers and epoxy do not 
make use of yield criterion. Instead, deformation behavior is determined by a single 
relaxation time that is dependent on equivalent stress eqτ through the viscosityµ . For 
glassy polymers, rearranging Eq. (2.7) gives:  
    )(0
)( 0
eq
p ae τµµ σφτα −=                                         (2.26) 






eqa =  is the shift function.  
Similarly, the deformation behavior of epoxy polymer is dependent on eqτ  through the 




ττµ peq ea &=                                                (2.27)  
 
The shift function )( eqa τσ  is dimensionless and carries a unity value when 0ττ <eq  but 
reduces rapidly to zero when 0ττ ≥eq . This property effectively describes the change in 
the mechanical property by the application of stress. On a logarithmic time scale, 






Substituting VMVM τσ 3=  from von Mises stress relationship into the strain gradient 
plasticity for polymers gives: 
0,3 VMVM
MG τχτ +=                                                      (2.28)      





















(тeq >> т0) 
σ2 
(тeq > т0) 
σ1 
(тeq << т0) 
Figure 2.2 – Compliance curves at different stress levels [Tervoort et al. 1996]  
 
 
Eq. (2.26) demonstrates that the increase in the von Mises shear yield stress due to size 
effects is
3
χMG . eqτ  is proportional to VMτ by the following relationship: 
VMeq ττ 6=                                                               (2.29) 
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Hence the corresponding increase in the shear yield stress in the constitutive model due to 
size effects is χMG 2 . 
 
To represent the strain gradient effects in the constitutive models, the equivalent shear 
stress is reduced by this hardening value: 
)(210,
dd
eq tr ss ⋅=τ                                                (2.30) 
χττ MGeqeq 20, −=                                                (2.31) 
where eqτ  and 0,eqτ  are the equivalent shear yield stress with and without strain gradient 
effects respectively. When this smaller value of equivalent shear stress eqτ  is considered, 
the shift function )( eqa τσ decreases accordingly. This represents the delaying of the onset 
of yielding due to the strain gradient hardening.  
 
 
2.4. Obtaining effective strain gradient parameter 
Two different approaches of obtaining the effective strain gradient parameter χ are 
discussed and adopted in the present study. The first approach involves the establishing 
of the approximate effective strain gradient value based on the indenter geometry and 
indentation depth while the second employs the finite element method which enables the 
explicit evaluations of the strain gradients directly from the nodal displacements via 




2.4.1. Effective strain gradient from indentation geometry 
Lam and Chong [1999] adopted the simple model proposed by Nix and Gao [1998] to 
approximate the strain gradient χ from indentation geometry and indentation contact 
radius r0. A schematic diagram showing various parameters associated with indentation 











Figure 2.3 – Schematic diagram showing parameters in indentation tests 
 





tantan ==                                                      (2.32) 
 
 
2.4.2. Effective strain gradient from nodal displacements 
Swaddiwudhipong et al. [2005a] developed a family of 20-27 nodes C0 finite elements for 
the direct evaluation of strain gradients. When the commonly used 20-node quadratic 
isoparametric solid elements are applied at the contact interface, negative nodal forces are 
generated at the corner nodes when the element is subjected to distributed surface 
pressure and this could cause the algorithm to fail. In order to circumvent this problem, a 
family of 20-27 nodes C0 elements is used at the contact interface. This family of C0 solid 
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elements is implemented in the user subroutine of the commercial package ABAQUS and 
strain gradients are explicitly evaluated from the appropriate displacement shape 
functions. A summary of the strain and strain gradient matrices is presented herein 
[Swaddiwudhipong et al. 2005a, Swaddiwudhipong et al. 2005c]. 
 
The coordinates and displacements of C0 solid elements are expressed as 












































In each element, n is the number of nodes; xi, yi, zi and ui, vi, wi are the nodal coord
and the nodal displacement components in the x, y and z directions respectively 
ξ ,η andζ  are the corresponding natural coordinates. The shape function
(i=1,2,3,…,n) can be established through the serendipity concept. 
 
The Jacobian matrix for the coordinate transformation is obtained from  

























The strain-displacement relation and its derivative with respect to x is expressed as 
(
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,   (i=1, 2, 3, …, n) 
 
 
t to y and z can be similarly derived. 
 
oordinate transformation requires that 
 
 
  (2.38) 
















































































































The derivatives of strain vector with respec
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It can be easily shown that 
                    (2.41) 
 
























                                             (2.42) 
where is the plastic strain tensor. The strain and the strain gradient matrices have been 
derived based on the above concept and the expressions implemented in the user 



















3. Numerical examples and discussion of results  
 Glassy polymers 
Numerical examples on the simulation of indentation tests on two types of glassy 
polymers are presented and results compared and discussed in this chapter. Numerical 
ich indenter on polycarbonate material are also simulated. 
T. 3D finite 
lement analyses are carried out to simulate the indentation experiments. The indenter is 
3.1.
results of indentation tests by a spherical indenter on polystyrene are studied. Indentation 
experiments using Berkov
Comparison and discussion of results obtained from both approaches with and without 
the effects of strain gradients in the analyses are presented in section 3.1.3.  
 
In all numerical studies carried out in the present report, the constitutive model for glassy 
polymers proposed by Govaert et al. [2000] is implemented in the commercial general 
purpose finite element package, ABAQUS, via user subroutines UMA
e
treated as rigid while the target polymer is modeled as a deformable body. This simplifies 
considerably the finite element modeling and solution processes resulting in a substantial 
reduction of computational resources requirements. The equivalent reduced Young’s 
modulus of elasticity of target polymer can be conveniently obtained through a simple 
relation as demonstrated by Eq. (3.1) once the values of the Young’s modulus and 








νν ][E                                                  (3.1) 
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where E* is the reduced Young’s modulus, Ei and vi are the Young’s modulus and 
Poisson’s ratio of the indenter respectively. As the angle at the indenter tip in contact 
with the target polymers is larger than 60о, friction between the indenter and target 
materials may be neglected without introducing any significant errors [Bucaille et al. 
entation experiments by a spherical indenter of radius 150µm on polystyrene 
arried out earlier by van Melick et al. [2003a] are simulated and presented in this 






















E 3300 MPa 
v 0.37 
A 1x1012 s 
0τ  2.56 MPa 
φ  11 
h 75 
GR 11 MPa 
 
Table 3.1 – Material parameters for p styrene [van Melick et al. 2003a] 
Owing to the cyclic symmetry of a spherica  indenter, only one quarter of the model is 
conside aterial 




red for ease of implementation. The finite element mesh for the target m
contact area where high stress concentration is expected as depicted in Fig. (3.1).   
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Rate of loading (N/s):       1       0.01 
Experiment 
[van Melick et al. 2003a]:  
Present study:     
Figure 3.2 – Comparison of results from spherical indentations on polystyrene based on 
tests conducted by van Melick et al. [2003a] 
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From Fig. (3.2), it can be observed that the numerical results agree well with the 
experimental data. In addition, it is demonstrated that the model is sensitive enough to 
respond to different loading rates of the indenter. 
 
Certain minor differences are observed at the lower portion of the unloading curves of 
experimental data and numerical results. This could be due to the fact that only one mode 
of relaxation is used in the model which leads to the underestimation of the viscoelastic 
recovery in the simulations. It has been shown that using 18 modes will result in a very 
accurate model [Tervoort et al. 1996]. However, the enhanced model suffers the 
drawback of being extremely demanding for computational resources. It can be observed 
that the adopted constitutive model is capable of capturing the behavior of glassy 
polymers and has been successfully implemented in the user subroutine of ABAQUS.   
 
 
3.1.2. Load controlled vs Displacement controlled method 
The previous indentation simulation is repeated using displacement controlled method in 
ABAQUS and the numerical results compared with those obtained using load controlled 
method.  
 
As shown in the Fig. (3.3), the results from the two methods are almost identical. Thus, 
the displacement controlled method will be used in later analyses as it is computationally 




















Figure 3.3 – Comparison between load controlled (0.01 N/s) and displacement controlled 




3.1.3. Berkovich indentations at submicron level  
A comprehensive study on Berkovich indentation on polycarbonate material at submicron 
level is presented in this section. The numerical results obtained in the present study with 
and without the strain gradient effects are compared with the values from indentation 
experiments using Berkovich indenter on polycarbonate conducted by several 
researchers. Far field effect and convergence study are first carried out. Subsequently, the 
effects of strain gradient on the indentation at submicron level and those of the rate of 
loading are presented and discussed. The material parameters of polycarbonate polymer 




E 2400 MPa 
V 0.4 
A0 3.6x10-25 s 
H∆  2.9x105J/mol 
0τ  0.721 MPa 
α  0.0706 
φ  36 
H 200 
GR 29 MPa 
 
Table 3.2 – Material parameters for polycarbonate [Govaert et al. 2000] 
 
Owing to the three fold symmetry of Berkovich indenter, only one-sixth of the model has 
to be considered as depicted in Fig. (3.4). The finite element mesh for the target body 
consists of 2842 second order C3D20/C3D27 solid elements. Two domain sizes of 115 x 
150 x 200 (µm)3 and 173 x 225 x 300 (µm)3 are considered to ensure that the results are 
not affected by the imposed boundary conditions at the far field. 
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 Figure 3.4 – Finite element model of Berkovich indentation 
 
As demonstrated in Fig. (3.5), for each target body consisting of 2842 elements, the size 
of the domain used in the simulation is insensitive to the far-field effect. Thus, the finite 
element mesh of the dimension 115 x 150 x 200 (µm)3 is used in the present study to 
model the semi-infinite target domain. Convergence study is also carried out to ensure 
that the obtained numerical results are mesh independent. For the adopted 115 x 150 x 
200 (µm)3 domain size, the numerical results obtained from the analyses employing 1848 
and 2842 solid elements demonstrate insignificant differences as depicted in Fig. (3.6). 
The more refined mesh size is used to ascertain that only the converged values are 



















   

























Both numerical and existing experimental results on load-indentation curves are depicted 
in Figs. (3.7) to (3.10). When the effects of strain gradient are not included in the 
numerical models, it is apparent that the values of the hardness of target materials 
obtained from finite element analyses are significantly lower than those from indentation 
test although it has been shown in section 3.1.1 that the constitutive model is valid for 
indentations at micron-level. The indentation forces observed in the indentation 
experiments are significantly higher than those estimated from numerical analysis.  
 
Using the relation and strain gradient parameters proposed by Chong and Lam [1999], the 
value of strain gradient plasticity modulus, M, can be evaluated from Eq. (2.21)                              
with tanθ = 0.358 for Berkovich indenter, H0 = 165.79 MPa, h0 = 0.02029 µm and shear 
modulus, G = 860 MPa for polycarbonate. M for polycarbonate is obtained as 0.00065 
which is used in the following numerical analyses. As discussed in section 2.4, the values 
of strain gradient can be obtained either directly from differentiation of expressions for 
strains which are in turn derived from displacement functions or approximate expression 
based on indentation depth and the indenter geometry. These two methods are 
incorporated separately and independently into the adopted constitutive model.  
 
The incorporation of strain gradient plasticity results in good agreement between the 
obtained numerical values and experimental data. Figs. (3.7) to (3.10) demonstrate 
clearly the significance of strain gradient effects at various micron and submicron 
















experiment [Chong and Lam 1999]
FEM without strain gradient
FEM with approximate strain gradient
FEM with strain gradient from nodal
displacements
 
Figure 3.7 – Berkovich indentation on polycarbonate conducted by Chong and Lam 


















experiment [Lu et al. 2003]
FEM without strain gradient
FEM with approximate strain gradient
FEM with strain gradient from nodal
displacements
 
Figure 3.8 – Berkovich indentation on polycarbonate conducted by Lu et al. [2003] at 




experiment [Bucaille et al. 2002]
 
Figure 3.9 – Berkovich indentation on polycarbonate conducted by Bucaille et al. [2002] 















experiment [Bucaille et al. 2002]
FEM without strain gradient
FEM with approximate strain gradient
FEM with strain gradient from nodal
displacements
 
Figure 3.10 – Berkovich indentation on polycarbonate conducted by Bucaille et al. [2002] 
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Figs. (3.9) and (3.10) also illustrate that strain gradient effects are equally dominant at 
about the same indentation depth for various loading rates varying up to 100 times in the 
range covered in the study. The observations are in agreement with those presented by 
several other researchers. From the experimental data of Chong and Lam [1999] as 
shown in Fig. (3.11), it is apparent that size effects are dominant in polycarbonate for 
indentations up to approximately 1.6µm. Experimental data from Briscoe et al. [1998] 
also demonstrates similar phenomenon.  Experimental results during the unloading period 
shown in Figs. (3.9) and (3.10) are, however, not available for comparison and hence not 















0 0.5 1 1.5 2 2.5 3
















Figs. (3.7) to (3.10) show a marked improvement of numerical resultes when strain 
gradient plasticity is included in the model as compared to those ignoring the effects. The 
numerical solutions from the two proposed approaches for obtaining strain gradient 
values, however, deviate just marginally. Nevertheless, it is apparent that obtaining strain 
gradient directly from the displacement field of C0 finite elements provides a closer fit to 
experimental data. The approximated strain gradient approach is, however, slightly more 
efficient computationally requiring less computing time and resources.  
 
 
3.2. Epoxy polymer 
It is demonstrated in section 3.1 the dominance of size effects in glassy polymers at 
submicron indentations. This section will extend the investigation of size effects to epoxy 
polymer using finite element method to simulate micron and submicron indentation 
experiments. The constitutive model for epoxy polymer by Govaert et al. [2001]   
incorporating strain gradient plasticity for such polymer proposed by Lam and Chong 
[2001] is adopted. The effective strain gradient value is explicitly evaluated from the 
appropriate displacement shape functions using the family of C0 solid elements developed 








3.2.1. Uniaxial compression  
 
Material parameters of epoxy polymer are obtained heuristically as shown in Table (3.3). 
Uniaxial compression simulation of epoxy polymer is carried out and the numerical 
results compared with experimental data by Lam and Chong [2001] as depicted in Fig. 
(3.12).  
 
As depicted in Fig. (3.12), there is an abrupt transition at the yield point since only one 
relaxation mode is adopted in the constitutive model. In their study of glassy polymers, 
Frank and Brockman [2001] and Tervoort et al. [1996] demonstrated that a gradual 
transition from elastic to plastic behavior can be achieved by employing more relaxation 
moduli. Xia et al [2003] suggested using 5 to 6 nonlinear Kelvin elements for their epoxy 
polymer constitutive model.  This approach though more accurate, requires huge 
computational resources. For the current constitutive relation based on compressible 
Leonov model, it has been demonstrated in section 3.1.3 as well as by other researchers 
[van Melick at al. 2002, 2003] that one relaxation mode is able to capture the essential 









 Parameter Value 
E 2200 MPa 
v 0.37 
0τ  1.3 MPa 
α  0.1  
γ0 1.8x10-18 s-1
GR 28 MPa 
 




















experiment [Lam and Chong 2001]
 
Figure 3.12 – Comparison between numerical analysis and experimental data [Lam and 




3.2.2. Berkovich indentations of epoxy polymer 
Simulated Berkovich indentation on epoxy polymer is studied in this section. Numerical 
analysis is carried out at the micron level and results compared with existing 
experimental data to demonstrate the applicability of the constitutive model in the 
indentation experiments. Subsequently, simulations at submicron level with and without 
size effects are carried out and the results presented and discussed.  
 
The finite element model for Berkovich indentation in section 3.1.3 is employed in this 
section. Far field effect and convergence study are carried out using the epoxy polymer 
constitutive relations to ensure that the obtained numerical results are mesh independent 
and representative of semi-infinite target domain. The finite element mesh for the target 
body employed in this section comprises 2842 second order C3D20/C3D27 solid 
elements over the domain sizes of 115 x 150 x 200 and 173 x 225 x 300 (µm)3. As 
demonstrated in Fig. (3.13), the size of the domain used in the simulation is insensitive to 
the far-field effect for each target body consisting of 2842 elements. For the domain size 
115 x 150 x 200 (µm)3 adopted in the present study, numerical values obtained from 
analyses employing 1848 and 2842 solid elements demonstrate negligible differences as 
depicted in Fig. (3.14), suggesting the convergence of the results. The more refined mesh 















































Berkovich indentation on epoxy polymer carried out earlier by Dutta et al. [2004] is 
simulated. The unloading portion of the load indentation depth curve is not available and 
hence not included. As demonstrated in Fig. (3.15), the numerical results agree 
reasonably well with experimental values. This suggests that the adopted constitutive 
model is capable of capturing epoxy polymer behavior in indentation experiments at the 















experiment [Dutta et al. 2004]
numerical analysis
 
Figure 3.15 – Berkovich indentation conducted by Dutta et al. [2004] at 10s loading time 
 
 
Simulation of Berkovich indentation at submicron level is carried out and results 
compared with experimental data from Lam and Chong [2001] as depicted in Fig. (3.16). 
When strain gradient plasticity is not considered, the force at maximum indentation depth 
estimated from numerical analysis is lower than the experimental value. This suggests 
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that the hardness of the target polymer obtained from finite element analysis is lower 
compared with that derived from indentation test.  
 
The strain gradient plasticity discussed in section 2.2.2 is incorporated into the 
constitutive model. Using Power law to model the stress strain behavior of epoxy, Lam 
and Chong [2001] obtained the value of 0.65 for parameter n. As depicted in Fig. (3.17), 
correlation with these experimental data based on the relation given earlier in Eq. (2.25) 




ε−=gM                                                  (3.1)    
εε ⋅=
3
2ε                                                                       (3.2) 
 
where yield strain ε0 is assumed to be 0.035 and ε is taken as the effective strain. 
 
As demonstrated in Fig. (3.16), it is apparent that the incorporation of strain gradient 
plasticity in constitutive equations results in better agreement between the experimental 
and numerical results. This suggests the existence of strain gradient effects in epoxy 
which is consistent with experimental findings from Lam and Chong [2001] shown in 
Fig. (3.18), where size effects are dominant in epoxy polymer for indentations up to 


















experiment [Lam and Chong 2001]
FEM without strain gradient
FEM with strain gradient
 
 
































Figure 3.17 – Strain gradient modulus Mg as a function of strain, ε0 is the uniaxial yield  
























Figure 3.18 – Hardness of epoxy with depth [Lam and Chong 2001] 
 
As shown in the Fig. (3.18), at 0.9µm, the hardness of epoxy is only marginally higher 
than that at large indentation displacement. Thus, this may be a reason why there is only a 
slight improvement after incorporating the strain gradient plasticity depicted in Fig. 
(3.16) since the indentation displacement of 0.9µm is near the threshold depth where 








4. Conclusions and Recommendations 
4.1. Conclusions 
Although material characterization using indentation techniques are gaining popularity in 
recent years, numerical studies of such experiments on polymers are lacking. To further 
complicate the situation, from studies of crystalline materials, it has been widely reported 
that when deformations are induced in the submicron level, size effects are dominant 
which alter the mechanical properties from the bulk characteristics.  
 
The first portion of the report investigates the size effects of glassy polymers. A 
constitutive model for glassy polymers is adopted and implemented as user subroutines in 
ABAQUS, a finite element package. Numerical analyses of indentations at micron and 
submicron levels are carried out to verify the applicability of the model in describing the 
viscoelastic-plastic behavior of polymers. Substantial discrepancies between the obtained 
numerical results and experimental data are observed for indentations at submicron level 
when the strain gradient effects are not accounted for in the former. However, the 
discrepancies diminish when the strain gradient effects are included in the constitutive 
model. This provides a strong evidence of the presence of strain gradient effects in glassy 
polymers at submicron level and cannot be ignored without loss of significant accuracy. 
This observation is also in agreement with various other experimental studies where the 




The effective strain gradient values are obtained from explicitly evaluating displacement 
shape functions from numerical analyses as well as approximated from indenter geometry 
and indentation depth and the two methods compared. It is demonstrated that deriving 
effective strain gradients from nodal displacements provide better agreements with 
experimental data. The trade-off of using the more accurate method, however, is the 
slightly longer computational time compared with that of the approximation method.  
 
The second part of the study extends the investigation of size effects to epoxy polymer. A 
constitutive model for epoxy polymer is adopted and implemented via the user subroutine 
in ABAQUS, a finite element package. Numerical analyses of uniaxial compression and 
indentations in the micron range are carried out to verify the applicability of the adopted 
constitutive model in describing the behavior of epoxy polymer. When implemented in 
the numerical analysis of submicron indentation, the incorporation of strain gradient 
effects into the adopted constitutive model gives rise to better agreement between 
numerical results and experimental data. This suggests the presence of strain gradient 










The current investigation focuses on the size effects in submicron Berkovich 
indentations. This may lead to speculations that the observed phenomena are indenter 
induced. It would be appropriate to extend the study to include other indenter shapes such 
as the Vickers, Brinell, Boussinesq and Knoop. This is so as to further confirm the 
dominance of strain gradient in submicron indentations.  
 
The strain gradient effects can be extended to study the initiation of cracking in polymers. 
This is especially useful since one of the major applications of polymers is to enhance the 
impact resistance of materials by requiring them to undergo large deformations before 
failure. When used as a biomaterial, premature failure due to cracks may lead to dire 
consequences on the human body’s recovery. Since the initiation of cracking is in the 
submicron range, strain gradient effects may be dominant. This may help us to better 
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